Abstract. A partially ordered set P is ideal-homogeneous provided that for any ideals I and J, if I ∼ =σ J, then there exists an automorphism σ * such that σ * | I = σ. Behrendt [1] characterizes the ideal-homogeneous partially ordered sets of height 1. In this paper, we characterize the idealhomogeneous partially ordered sets of height 2 and find some families of ideal-homogeneous partially ordered sets.
Introduction
Suppose (P, ) is a finite partially ordered set (simply called a finite poset) with a partial order relation , which is simply denoted by P for convenience. If Q ⊂ P, we may refer to Q also as a poset, having in mind the subposet (Q, ) whose order relation is the restriction of (P, )'s. If P is a finite ordered set and x ∈ P , then the height h(x) is the maximal cardinality of a chain in {y ∈ P | y < x}. The height of a poset P , denoted by ht(P ), is maximum of all h(x) for x ∈ P . For a poset P and x ∈ P, let U [x] = {y ∈ P | y x in P }, say the up-set of x, and D[x] = {y ∈ P | y x in P }, say the down-set of x. Also, we let U f (y) in Q for all x, y ∈ P. Two posets (P, ) and (Q, ) are isomorphic if there exists an order-preserving bijection f : (P, ) → (Q, ) such that f −1 is also order-preserving. We denote the set of all automorphisms of a poset P by Aut(P ). An ideal I of P is a non-empty subset of P such that if x y for x ∈ P and y ∈ I, then x ∈ I. A poset P is ideal-homogeneous, provided that, for any ideals I and J with I ∼ =σ J, there exists an automorphism σ * ∈ Aut P such that σ * | I = σ. A poset P is weakly ideal-homogeneous, provided that for each I of P and σ ∈ Aut(I), there is σ * ∈ Aut(P ) such that σ * | I = σ. It is very natural to ask whether every isomorphism between finite substructures can be extendable to an automorphism of the whole structure. In 1993, some results on the homogeneity for finite partially ordered sets were given by G. Behrendt [1] , and they made resume to investigate the relationship between the homogeneity conditions for finite partially ordered sets. The following theorem, due to Behrendt [1] , characterizes the (weakly) ideal-homogeneous posets of height 1. For a positive integer n, [n] is the set of positive interger less than or equal to n.
). Let (P, ) be a finite partially ordered set of height 1. The followings are equivalent.
(i) (P, ) is ideal-homogeneous.
(ii) (P, ) is weakly ideal-homogeneous.
(iii) There exist a positive integer n and a function f : [n] → N such that there exists i ∈ [n] with f (i) = 0 and (P, ) is isomorphic to (X, ), where
In this paper, we characterize the ideal-homogeneous partially ordered sets of height 2 and find some families of ideal-homogeneous partially ordered sets. The other definitions not written in this paper and general properties of posets follow from [2] .
Construction
Let X = [n] and P (X) be the power set of X. For all k = 1, . . . , n, let A k (X) be the set of k-element subsets of X, that is, A k (X) = {S 1 , S 2 , . . . , S ( n k ) } where
be a multi-set of nonempty subsets of X with the multiplicities m k ≥ 0 for A k (X) for each k = 1, . . . , n, such that (1) every element S of M 1 (X) is a nonempty subset of X, (2) if S( = ∅) ∈ M 1 (X) with |S| = k for some k, then it has multiplicity m k , that means it appears m k times in M 1 (X). (3) if S( = ∅) ∈ M 1 (X) with |S| = k for some k, then T ∈ M 1 (X) for any T ∈ A k (X). Therefore, if S, T ∈ M 1 (X) with |S| = |T | = k, then both S and T appear m k times in M 1 (X). Hence for each k, it can be said that m k is not only the multiplicity of an element S of A k (X) but also the multiplicity of A k (X). Thus we may write M 1 (X) using A k (X)'s as
for all i and we say (S, i) is the i-th copy of S also, denote S i = (S, i). Note that if m k = 0 for some k, then (A k , i) = φ for all i. We may define M 1 (Y ) for any non-empty set Y . Let us consider M 1 (Y ), where Y = (A k (X), i) for fixed i and k. For all t = 1, . . . ,
where
is the multi-set of nonempty subsets of (A k (X), i) with the multiplicities a
And if a k t = 0 for some k and t, then M 2 (X) does not have t-elements subset of (A k , i) for all i = 1, 2, . . . , m k . The next example shows a construct process of X, M 1 (X), and M 2 (X) for given n. Example 1. Let n = 3 and hence X = [3]. Then we have
Therefore we can write M 1 (X) as:
Suppose Ω (
or we can write it for convenience (7)
where j = 1, 2 which means we have 2 copies of M 1 (A 1 , 1) since b 1 = 2,
so that we have only one copy of M 1 (A 2 , i) for each for i = 1, 2, 3, since b 2 = 1 and
, where j = 1, 2 which means we have 2 copies of M 1 (A 3 , i) for each i = 1, 2 since b 3 = 2. Therefore, the second-level multi-set M 2 (X), where (m 1 , m 2 , m 3 ) = (1, 3, 2), Ω ( 
For a positive integer n, let X = [n]. Define a poset (Z, ), where
and for S ∈ M 1 (X) with |S| = k(so S ∈ A k ) and x ∈ [n],
x (S, i) = S i if and only if x ∈ S i , where 1 ≤ k ≤ n, and (S, i) = S i is the i-th copy of S in (A k , i) for all i, 1 ≤ i ≤ m k . Then we can easily find that
where X is the poset defined in Theorem 1.1 by Behrendt [1] . Now a family of ideal-homogeneous partially ordered sets of height 2 is constructed.
Construction of Z
2 : For a positive integer n, let X = [n]. Define a poset (Z 2 , ) as
where (m 1 , m 2 , . . . , m n ), m k ≥ 0 is the multiplicity for
. . , n. The order relations on Z 2 are defined as follows:
x S i = (S, i) if and only if x ∈ S i , where 1 ≤ i ≤ m k and S i = (S, i) is the i-th copy of S in (A k , i) for all i, 1 ≤ i ≤ m k , k = 1, . . . , n. Order 2: For some k, i, and r, if
r , where r = 1, . . . , b k . Order 3: For some k, r, i and j with i = j, if Σ j ∈ M 1 (A k , j) r ⊂ M 2 (X) and S i ∈ (A k , i) (Note that for i = j, (A k , i) and (A k , j) are basically identical hence we may say Σ i = Σ j as a set nevertheless Σ i ∈ M 1 (A k , i) and Σ j ∈ M 1 (A k , j) and hence we may define order relation between 
r , where r = 1, . . . , b k .
Consequently, if x S i and S i Σ j , then x Σ j for every i and j, 1 ≤ i, j ≤ m k , k = 1, . . . , n. The poset Z 2 = X ∪M 1 (X)∪M 2 (X) in Example 1 with n = 3 and the order relations defined in Order 1, 2, and 3 above is roughly illustrated in Figure 1 . The lines between the circled sets means there are order relations among the elements of them and the transitivity law holds.
Main results
Lemma 3.1. Let (Z 2 , ) be the poset in Construction of Z 2 with order relations Order 1, 2, and 3. Suppose that
Proof. Let I 1 and I 2 be ideals of (Z 2 , ) and
an isomorphism. Assume I∩M 2 (X) = ∅ for all ideals in this proof, if not, it is of height 2. By the construction, it is clear that if
. . , n. Hence there are finitely many numbers of k such that 
and for finite subset K 2 and J k 2 of [n] and [m k ], respectively, we can assume that
By the consideration above, it is clear that K 1 = K 2 , if not, we conclude that I 1 is not isomophic to I 2 . Therefore, without loss of generality (all other cases can be treated in the same way), we can assume that, for some k,
and
, and
. Without loss of generality again, we can assume that B ∼ =α C and E ∼ =α F . If not, we have two cases (i) B ∼ =α C ∪ F where
Hence new C is obtained by replacing F by F to be B ∼ =α C. We may do similarly for the case (ii). By restriction, α induces a bijection
, and all other elements in (A k , 1) are fixed. Note that, since Ω (
works for all M 1 (A k , i) for all i = 1, 2, 3, and by the order relation Order 3, we have 3) . Therefore, by the similar way to the case of restriction of α to α 1 , α induces a permutation α 2 on (A k , 2) and permutation α 3 on (A k , 3), respectively. That is,
, and all other elements in (A k , i) are fixed for all i = 2, 3 which means that α i are identical on (A k , i)
For each Σ ⊂ (A k , i) with |Σ| = j and l ∈ {1, 2} let 
, and all other elements of the poset are fixed. Then it is not hard to see that σ * is an automorphism of (Z 2 , ) such that
The following lemma is a generalization of Lemma 3.1. Because there is no restriction to multiplicities
Lemma 3.2. Let (Z 2 , ) be the poset defined in Construction of Z 2 with order relations Order 1, 2, and 3. Then (Z 2 , ) is ideal-homogeneous of height 2.
. . , b k , are r copies of multiset of (A k (X), i) for fixed k. Then by Order 3, every r copies of M 1 (A k (X), i) are in the up-set of (A k (X), i) for every i ∈ {1, . . . , m k }. Then the proof in Lemma 3.1 can be applied to the copies of M 1 (A k (X), i) in exactly the same way.
The following lemmas are special cases of Lemma 3.1, especially, there are no relations between M (A k (X), i) and (A k (X), j) for i = j and there are the restrictions on the multiplicities b = (b 1 , b 2 , . . . , b n ). 
is ideal-homogeneous of height 2. . . , 1) and b k = 1 for all k. Then M 1 (X) is the power set of X except the empty set, and M 2 (X) is the set of power sets (except the empty set) of A k (X) for all 1 ≤ k ≤ n.
Hence we have the following corollary.
Corollary 4.1. With the order relations defined Order 1, and 2, (P 2 , ) is ideal-homogeneous.
For given posets P and Q, P ⊕ Q is represented as a poset with a property that x y if and only if x ∈ P and y ∈ Q. Let {B 1 , B 2 , . . . , B n } be a set of antichains. Now construct a poset P which is isomorphic to B 1 ⊕B 2 ⊕· · ·⊕B n . Let . Therefore, by restriction, α induces a bijection between I m ∩ J m , which can be extended to a permutation on B k . Also it can be extended to an automorphism σ * of P such that σ * |I = σ.
We find some family of posets which are ideal homogeneous, but it is just partial solutions for the following Behrendt's problem [1] .
Problem 2. Give a classification of all finite (weakly) ideal-homogeneous ordered sets.
